We present a new two-level numerical model describing the evolution of transportation network. Two separate but mutually interacting sub-systems are investigated: a "starving" environment and the network. We assume that the slow modes of the environment evolution can be modeled with classical cellular automata (CA) approach. We have coarse-grained the fast modes approximating the transportation network by the graph of cellular automata (GCA). This allows the simulation of transportation systems over larger spatio-temporal scales and scrutinizing global interactions between the network and the environment. We show that the model can mimic the realistic evolution of complex river systems. We also demonstrate how the model can simulate a reverse situation. We conclude that the paradigm of this model can be extended further to a general framework, approximating many realistic multiscale transportation systems in diverse fields such as geology, biology and medicine.
Introduction
Networks are unique structures occurring only in highly self-organized dissipative systems, including biological organisms, geological structures, evolving animal colonies, social and economical systems, computer systems, e.g., [Barabasi, 2002; Turcotte and Rundle, 2002; Newman, 2003] . In biological and environmental sciences, transportation networks play two completely different roles. They help to stimulate growth by disseminating nutrients in the consuming environment or carry away products from productive environment. These two functions are usually carried out simultaneously, as in vascular tissue, road and railway networks and river systems.
The existence of multitudinous topological, biological, morphological degrees of freedom, sharp interfaces between interacting components, multifaceted boundary conditions and self-organized criticality phenomena make the topology of many transportation networks intrinsically very complex. Consequently, due to the difficulty in defining a coherent and integrable functional space, the classical approaches involving partial or ordinary differential equations are extremely difficult to use as a reliable tool, in modeling of these nonlinear systems. Therefore, the existing models prefer statistical methods (e.g., Monte-Carlo simulations [Binder and Heermann, 2002; Merks and Glazier, 2006] , diffusion limited aggregation [Masek and Turcotte, 1993; Turcotte and Newman, 1996; Baish and Jain; 2000] , statistical mechanics [Turcotte, 1999] ), percolation [Sahimi, 1994; Stark, 1991] and cellular automata (CA) [Wolfram, 2002; Murray and Paola, 1994] ), which employs a set of scientific rules instead of nonlinear partial differential equations. However, all of these approaches ignore multi-scale interactions between the network and evolving environment. Therefore, although successful in simulating homogeneous systems, they cannot be used for modeling systems involving complex multiresolutional topology, such as anastomosing systems.
The term anastomosis comes from the medical sciences and is defined both as a surgical connection between 2 structures or the network of connecting channels e.g., between veins of leaves, rivers, etc. Anastomosing networks of river channels and blood vessels are usually formed by natural disturbances in flow channels, e.g. caused by processes of angiogenesis or erosion/blocking in river channels, which produce bifurcations, loops and avulsions. These structures cannot come from relatively fast processes of sediment transportation and accumulation in rivers [Makaske 2001] or formation of anastomoses due to atherosclerosis in blood vessels (e.g., [Mils and Everson, 1991] ). There are stimulated mainly by the slow modes of environmental growth factors (e.g., the vascular system in [Gamba et. al., 2003] ).
In this paper we consider the hypothesis of "starving environment" [Topa and Paszkowski, 2002] as a focal point of transportation systems expansion. For example, in the anastomosing river system, the peat-bog can be regarded as the "starving environment". It means that the supply of nutrients is insufficient, they are consumed very fast and the peat-bog growth is restrained. Analogously, "starving" tumor cells in hypoxia, in response to the lack of oxygen produce VEGF (vascular endothelial growth factor). This factor stimulates the fast growth of vascular tissue in the complex process of angiogenesis [Mazure et al., 1996] . Conversely, "starving" plant explores a productive environment by the huge network of roots in search for water and minerals [Persson, 1990] . The roads and railway systems grow towards emerging industrial economic centers (e.g., [Yerra and Levinson, 2005] ). These factors accelerate the expansion of the transportation network towards "hungry" areas. The positive feedback interaction between two factors: the network and environment, results in a mutually supported growth. On the other hand, dysfunction in mechanisms stimulating the network expansion results in the death of the entire system.
The dynamics of these complex networks involves multiple spatio-temporal scales. The local interactions between the fast modes corresponding to transport (flow) and slow time scales represented by the environmental factors, make the models based on classical CA paradigm too computationally stiff. In this paper we propose a novel approach. We employ the graph of cellular automata data structure, which allows for coarse-graining of the fast flow modes and cover larger spatio-temporal scales than former fine grained CA model [Topa and Paszkowski, 2002] . As an example of the complex transportation network, we simulate anastomosing river system. We also demonstrate that this approach can be generalized to other problems, which promulgate the "starving environment" paradigm.
The paper follows this plan. First, we discuss both advantages and limitations of the fine grained CA model for modeling of anastomosing river system. Then, we define a new model in which the graph of cellular automata was used for coarse graining of the fastest flow modes in the fine grained CA system. Finally, we present the results of modeling and in the conclusions we discuss generalization of the model especially towards modeling other types of transportation systems.
Fine-grained model of river systems
Fine-grained model of river system can employ the cellular automata paradigm (e.g. [Chopard and Droz, 1998 ]) in a classical manner (see e.g., [Rodrigez-Iturbe and Rinaldo, 1997; Topa and Paszkowski, 2002) . The terrain can be represented by a rectangular mesh of computational cells. The state of each cell describes parameters corresponding to altitude, water amount, nutrient densities and peat layer thickness. Automata evolve according to the rules, which govern water flow, nutrient distribution, peat accommodation and bottom-channel sedimentation. In the cellular automata model [Topa and Paszkowski, 2002] both the Moore neighborhood and the fixed boundary conditions were used. The borders of the mesh were simulated as extremely high barriers, which prevent horizontal dissipation of water from the simulation domain. A portion of a real anastomosing system is shown in Fig.1 . The model consists of four procedures employed at each timestep (see Appendix, Algorithm1 and 2). The procedures supply_water() and remove_water() add water to the inlet and remove water from the outlet, respectively. Distribution of the water from cell to its closest neighbors is achieved by the procedures calculate_flow() and update_water(). The rule is homogeneous for the whole CA system. It mimics the process of water distribution due to gravitation, using the procedure of minimizing the differences in the water levels in the neighboring cells [Topa, 2000; 2005] . The procedure distribute_nutrients() calculates the concentration of nutrients in the neighborhood of cells with non-zero water layer. The nutrients concentration influences the thickness of the peat bog layer in "dry" cells (update_peatbog () procedure). The growth is proportional to the current concentration of nutrients with a proportionality coefficient. Moreover, in each cell containing water the process of sedimentation occurs. Therefore, the height of terrain in these cells increases (see procedure update_terrain () in the Appendix, Algorithm 2). We assume that at each timestep it grows proportionally to the current amount of water in the cell.
In Fig.2 we illustrate the snapshots from simulations for a cellular automata 530x530 mesh. The river runs in a valley with very steep barriers in the borders parallel to the mainstream. The terrain is slightly inclined (the slope is 0.05%) and rough. However, the vertical random amplitude of roughness is assumed to be small and less than 1% of the distance between neighboring cells. Water is supplied to the system by a single source cell. We show snapshot from simulation after 5x10 4 timesteps in Fig.2 and compare this to a small fragment of the river from The main disadvantage of classical CA model is its slow computational speed for simulating more and more disparate spatio-temporal scales. This is mainly due to high degree of spatial and temporal disparity between the processes modeling the evolution of anastomosing system. The flow velocity of the river is orders of magnitude greater than environmental changes, such as the peat-bog growth and sedimentation. This assumes that the configuration of the terrain does not change too much. The channels are too shallow, resulting in wide floods. Modeling realistic anastomosing networks with our CA model would involve with at least 10 6 -10 8 cells and a similar number of time steps.
Graph of cellular automata in modeling of anastomosing networks
We propose a novel approach, which postulates the local degrees of freedom, smaller than the macroscopic, could be eliminated by their coarse grained representation. This can be achieved by a partial separation of the two time scales represented by formation of the channel and the environmental factor (peat-bog growth), respectively. Instead of modeling local in-cell relations between the amount of water (and nutrients) and peat-bog height, we consider now the global interactions between the entire network and environment. The network edges (river channels) can be added or removed according to the current terrain configuration. Conversely, the terrain configuration is formed by the entire river network. The feedback between environmental changes and evolution of the network should be faster allowing for modeling anastomozing systems over larger spatial scales.
Similar to our CA model, we represent the anastomosing system by a mesh consisting of cellular automata. We model the distribution of nutrients and environment growth in the same way as before, while the model of water distribution is completely different. As shown in Fig.3 , we define the transportation network as a graph of cellular automata (GCA) located on top of the CA mesh. We note here that the river channels represent the edges, while the junctions and bifurcation points denote the graph nodes [Topa and Paszkowski, 2002; Topa and Dzwinel, 2004] . Fig.3 The transportation network is represented by a graph of cellular automata (GCA), while the environment is modeled by the CA mesh. The GCA nodes overlap the CA cells.
GCA nodes

CA cells
The inbank capacity r and flow velocity f in a fragment of river channel are the additional components of the state vector [g,n,p], describing the height of the terrain g, nutrients concentration n and thickness of the peat-bog layer p, respectively. The inbank capacity and the flow velocity are defined only for the cells corresponding to GCA nodes. These cells represent also the nutrient sources.
Algorithm 3 from the Appendix illustrates the general idea of the new coarse-grained model. The entire system is asynchronous due to both different time scales and the evolution rules applied to the two principal components of the model, i.e., the transportation network (GCA) and the environment (CA). All the cells from GCA are updated in the order resulting from the depthfirst-search algorithm. The procedures from Algorithm 2 (see the Appendix): update_throughput () and update_flows() start the update from source cells. The other CA cells are updated synchronously, assuming that the network update is just finished. Thus the two time scales responsible for the environment and river channels growth are split up, respectively.
Our system can be defined in a formal way as follows: 2 are a finite set of vertices and a finite set of edges, respectively, A I -a set of sources, A I ∈V G , X Kij -the set of neighboring cells for (i,j) cell, which does not belong to the G CA graph, X Gij -the set of neighboring cells for (i,j) cell, which does belong to the G CA graph and
S -is the set of state vectors corresponding to each cell.
We define two types of the state vector. The first one defined for all the CA cells and the second one only for the GCA graph nodes. They are as follows:
1. The state vector of the cells from the environment (g,n,p), where: a. g -height of the terrain, b. n -nutrient concentration, c. p -thickness of the peat-bog layer. 2. The state vector in the nodes of GCA transportation network (f,r) where: a. f -flow velocity, b. r -the inbank capacity of a fragment of the river channel. Two transition functions δ K () and δ G () are defined by:
and represent the two sets of rules. The first set (2) is applied in a synchronous way for each CA cell, while Eq.(3) defines the changes in every cell belonging to V G nodes.
bifurcation point Fig.4 The process of formation of a new network channel due to the jam in (k,l) G CA graph node. The new channel is formed in preceding (i,j) node and its inbank capacity is equal to ωr ij , where ω<1 and r ij is the inbank capacity of the parent channel, respectively. The flow intensity f ij in the parent channel is the sum of flows in the descending channels.
The values of f in GCA nodes are updated sequentially in order, which corresponds to water propagation from the source cells A I to all graph nodes (i,j)∈V G . At the bifurcation points the value of flow intensity f is shared between two channels proportionally to the inbank capacity value r. On the other hand, at the junction points the values of f of converging channels are added. A slow decrease of the inbank capacity (e.g., due to excessive growth of plants and sedimentation) is modeled by a linear decrease of r ij . However, in realistic situations, the inbank capacity r can be jammed radically by larger obstacles (fallen trees, floes etc.). A certain decrease in r can amplify greatly. The material carried by the river current can be stopped by the obstacle, which usually results in fast obstruction. We model this behavior by defining a given threshold r 0 below which the current inbank capacity r decreases as fast as 1/r. As illustrated in Fig.4 , in the case of complete blockage, i.e., f ij >r ij , a new channel is formed just above the node of obstruction.
Local minimum j in a cupping
The output cell k Fig.5 The iterative procedure for searching the outlet from a local flood. The neighboring cells of the "lowest" cell j -sorted in order of increasing terrain height -are searched bottom-up and labeled. The first encountered cell k, which has an unlabeled neighbor situated "lower" than k, is the outlet from the cupping. The "escape path" from the local minimum is displayed in bold line.
We assume that: 1. The initial inbank capacity of the new channel r mn is smaller than the in the parent channel r ij and ω= r mn /r ij <1, 2. the average value of ω (see Fig.5 ), estimated empirically, is about 0.25, 3. the direction of the r mn channel is computed locally by the steepest descent method.
Initially, the update_flows () procedure (see Algorithm 3 in the Appendix) searches the nearest neighbors of the bifurcation node (i,j) (or in the following steps -the cell recently added to the GCA graph) looking for the cell (k,l), which is situated below the node, i.e., H kl <H ij (where H ij =g ij +p ij is local elevation in the cell (i,j)). If this does not exist, we execute a procedure find_way_from_cupping() -illustrated in Fig.5 . The time loop is repeated, until a newly forming channel meets another channel or reaches the boundary of the CA mesh.
Modeling results
As an outcome of modeling of the anastomosing system, we obtain: 1. the graph structure representing the overall river network, 2. the CA mesh, which mimics the terrain configuration.
Due to coarse graining of the CA model by the graph of automata approximation, we obtain a much clearer global view of anastomosing system in "starving environment". As displayed in Fig.6 and Fig.7 , we can visualize the channels as pipes, whose diameter represents the inbank capacity, while the color reveals the intensity of the flow. Flow intensity defines how much water is transported in the unit of time through the channel (defined from node to node). We can also visualize the hierarchical structure of the channels (Fig.6) . This information can be very helpful in comparative studies. Our model does not consider other geological factors, e.g., differentiation of peat-bog density by gravitational setting. In realistic situations this peat-bog density differentiation will produce a smoother terrain configuration.
Fig.6
The GCAs display evolution of the river network in successive timesteps T1, T2, T3, T4. The diameter of the pipe represents the inbank capacity, while their color shows the flow intensity in the channels (the highest is red). The 3-D Amira visualization package (www.amiravis.com) was employed.
Fig.7
The branch-join river channels generated by GCA model. The channels of various flow intensity and inbank capacity can be easily recognized. The Amira visualization package was employed. B A C D Fig.8 The typical snapshots from simulation of anastomosing system obtained for GCA model after 1500 time-steps (corresponding a few years in observations). The initial random configurations of the terrain (A,B,C) were slightly different for each of these three cases (mesh size is 329×329 points, initial terrain inclination was 0.02%). The results are compared to the realistic anastomosing river system (D).
In Fig.8 we display a few snapshots from simulations of anastomosing channels for different initial conditions. Unlike the situation shown in Fig.2 , which focuses on a small fragment of the river, the GCA produces a global view of anastomosing system. There we can clearly recognize the network of branch-joining channels and loops, which mimics well the backbone of the real river structure. To be sure, the anastomosing system from Fig.1 reveals far more details than the results of our simulation. They can be partly improved by using larger CA systems simulated over a longer time. Further advances can be made by considering processes neglected in this model, (e.g., erosion) and by employing a more accurate model for sedimentation. However, some microscopic structures, such as dead end channels and flooded areas, clearly shown in Fig.1 , cannot be simulated. This drawback is mainly due to the coarse graining of the local flow-environment interactions. Instead, as shown in Fig.3 , these microstructures can be produced by the fine grained CA model. T=500 steps T=1500 steps T=2500 steps Fig.9 Snapshots with time from GCA simulation of the transportation network in a productive environment.
Unlike in anastomosing systems, the network in productive environment moves away its resources. We show this in Figs.9,10 by the changes in the "landscape" of resources concentration. The system converges to the state in which the entire environment area will be uniformly drained. The characteristic loops observed at the tips of some channels in Figs.9,10 correspond to the local maxima of the nutrient concentration.
Our results of modeling appear very similar to the dendritic networks [Wittmann, et. al., 1991] . This type of systems is a very good example of fractal trees occurring as a universal pattern in nature [Mandelbrot, 1982; La Barbera and Rosso, 1987; Newman et al., 1997; . The nutrients concentration field looks like terrain configuration shaped by erosion. Nevertheless, this model cannot describe the dynamics of eroding river networks in an exhaustive way. First, the networks in a productive environment consist of roots and leaves, while realistic river systems are produced due to merging of channels. Second, we use the algorithm of the steepest descent, which allows for unrealistic behavior in case of rivers simulation. For example, the edge of simulated network can go along the hogback, while a realistic river channel will be directed downstream. 
Concluding Remarks
Visual inspection is insufficient for comparing results from a computational model to real systems. Statistical verification of our model could be possible by employing network descriptors, such as these defined in [Dodds and Rothman, 1999; 2001a,b,c; Rodriguez-Iturbe and Rinaldo, 1997; Pelletier and Turcotte, 2000] . However, the structures of the real transportation networks change dynamically in a chaotic way and depend on a huge amount of geological, biological and sociological factors. Small fluctuations may cause dramatic changes in the final pattern produced by the system. Therefore, to pass statistical verification, our model should be supplemented by complex paradigms involving geological processes including erosion, sedimentation [Makaske, 1998 ] and geomorphologic models [Murray and Paola, 1996; . These multi-scale processes can be described in terms of partial differential equations [Makaske, 1998] and discrete particle models 2000a; .
We realize that our two-level cellular automata model can only serve initially as a general framework, when applied to realistic systems. We have shown that coarse graining of cellular automata model allows for a substantial reduction of the number of microscopic degrees of freedom. Thus the model can be expanded over larger spatio-temporal scales. Moreover, the results of simulation of anastomosing system confirm the "starving environment" hypothesis [Topa and Paszkowski, 2002] in which the transportation network is driven by a consuming (starving) environment. In the case of anastomosing rivers, the terrain configuration, changed dynamically by the peat-bog growth, stimulates the proper spreading of nutrients and expansion of the transportation network structure towards the "starving" areas. However, we should emphasize that the convergence of CA model to GCA is only a plausible hypothesis and should be verified more formally.
Due to the coarse graining, small floods and dead channels, resulting from the local interaction between the main flow and terrain, cannot be modeled. The width of all the channels simulated by the graph of cellular automata is the same and independent on the flow intensity and channel inbank capacity. This disturbs additionally the local structure of the system and does not allow for including erosion to the system in a self-consistent manner. To overcome these defects, a new multiscale model is sorely needed. This can be constructed on the basis of the two presented approaches: the fine grained CA and the coarse grained GCA models. Once the new channels are created in the coarse grained system, the area of channels creation are zoomed in and tuned by the CA paradigm. The modifications can, in turn, be fed back to the coarse grained model.
As shown by [Pelletier and Turcotte, 2000] , driving forces producing transportation networks can be scaled independently and can act in a similar way, regardless of their origin, e.g. the capillary system in leaves is very similar to some river systems. Therefore, understanding the explicit mechanisms for creating transportation networks can be very useful and be expanded to search similarly acting agents in many important biological networks such as vascular system [Gamba et. al., 2003; Merks and Glazier, 2006] . Modeling of the transportation networks in biology is crucial not only in understanding the complexity of organisms but also for recognizing the factors, which control their growth. For example, as shown in Fig.11 , by inhibiting receptors of VEGF -the factor which is responsible for development of the vascular system in the process of angiogenesis (e.g. [Yancopoulos et al., 2000; Coultas et al., 2005; Folkman, 2006] ) -the growth of vascular tissue can be stopped. Consequently, tumor cells will die from "starvation". The multi-scale models of angiogenesis based on the graph of cellular automata could give us a very unique opportunity to scrutinize the family of microscopic factors influencing this amazing global behavior.
